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CONVOLUTION POLYNOMIAL DIVISION TEMPLATE
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ABSTRACT

The division of a pair of giving polynomials to find its quotient and remainder is derived by applying the convolution matrix. The
process of matrix formulation with compact template is simple, efficient and direct, comparing to the familiar classical longhand
division and synthetic polynomial division.

Typical numerical examples are provided to show the merit of the approaches.
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Introduction and Formulation

The division of two univariate polynomials to find the
quotient and remainder is expressed as

aix) aix)

b(x)=a(x)g(x)+r(x)

where b(x) and a(x) are the given dividend and divisor of
degrees nand m, n® m, and q(x) and r(x) are the resulted
quotient and remainder of degrees n — m and m - 1 or less,
respectively,

b(x)=bx" +bx"" +---+b_x +b,

_ m m-1,
a(x)=ax” +ax” + +a, x+a,

_ n—im H—itr—1
q[r)} =X T X o TGy w1 X TG
r(x)=npx" " 4 rx" e +7, X 4T,

Then the coefficients of X' in both side of polynomial
division equation after substituting of the expansion forms
of b(x), a(x) and q(x), r(x) will give the following relation:

b, =ag,+a, g+ TG T 0 e (=01, N
where it is understood that

b, =0, {>n, a,=0, (>m, and g,=0, {>n-m, 1 =0, [<0.

The polynomial division is then written in the convolution
matrix form [1,2] as:

b " 0 X"
m
X 0l q,..
_ : -
= 1 X
a,
L & 1 L a, L 7 |

In practical calculation, we can omit the x factor in this
linear algebraic equation. Also if its square matrix is found
to be non-singular, the desired coefficients of q(x) and r(x)
can thus be uniquely obtained.

This algebraic matrix equation may also be further
separated into two sets of equations for computing our
desired entries:

by y o

L b”—-"” _ | Gm o e Ay 1] Y9nm
and

[ n-m+l 1 _ﬂn—m—l a’l ] q[:' [ r[} i

ar-r
= i +
Tnm
L b-'? A L am a L rm—] n
b:[b[p&l-,"'.,b”]r

Here, from the given entries and

8 T
a=lay.a,.a,] the desired

INTERNATIONAL EDUCATIONAL SCIENTIFIC RESEARCH JOURNAL

40




Research Paper

entrie q=[q,,4,..q,_,,] must be computed consecutively
in the entry order, and the

_ T
r=[r.rn.0]

entries may then be found accordingly.

Applying the relationship among all of these entries, the
polynomial division manipulation may further be caste
into either of the following templates:

for n-m<m or for n-m>m
b, a 9y : b, a dy '
qn—m : : am
Iy
a, : -
Ty
L z L b m-1 a

' ' ) Tt | Y g . T,
tr 1t tr ot
Given Fill-in Given Fill-in

The desired entries of quotient and reminder can then be
directed determined without writing down any
intermediate data as in the familiar longhand polynomial
division and synthetic polynomial division.

It follows that our desired coefficients may also be
recursively computed by the following formulas:

k-1

q,= (b~ Z

f=mem (0 k—m)

a_,q)/a, k=0, n—m

n—m
r

k—(n—m+1) — (!ﬁ - :E:

f=maxi 0k —m)

k=n—m+L--n

{H_f% )5

A simple computer routine in MATLAB is presented. Inputs
b and a, and outputs q and r are the coefficient vectors of
given dividend b(x) and divisor a(x), and resulted quotient
q(x) and reminder r(x), respectively.

function [g,r] = poly_div(b,a)
% Polynomial divisicn by template.
% Similar to MATLAB built-in function: 'deconv.m'.

% F C Chang 08/28/2017

n = length(b)-1; m = length(a)-1;
ifm>n, g=20;, r=~b; return; end;
a = [a,zeros(l,n-m)]; g = 0;
for k = l:in+l,
if k < n-m+2,
a(k) = (b(k)-[g(l:k-1)]*[a(k:=-1:2)]1.")/a(l); r = 0;
else
r(k-(n-m+l)) = b(k)-[g(l:n—m+l)]*[a(k:-1l:k-n+m)].";
end
end;

Typical Example with Remarks
For given

b(x) =4x® +5x" —x® +7x* —6x* + x* +2x* =3x +7

a(x) =3x"+x* —=7x* +5x* —4x +2
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in

LR

a(x)

we shall find the desired results as

11 , 64 176

q(x) = %XS + =X+ —X +

9 277 81

619 , 533 , 148 , 77 215

r(x)=—x*+=—x*-—x*+

81 81 81 81 81

by applying either one of the following approaches:

(1) Longhand polynomial division

IS TR
+3 +9 +27 +81

- 9| SEP 2017

3+1-T+5-442) +4 45 -1 41 -6 +1 +2 -3 +7

+#+3 -2 42 B 48

7 T3 T3

u 4% 1 _2 _5 -
5 15 1 3 +2 3
U o,nomo,% 4 2
3ty 9ty 9 T

+7

9 9

64 484 _ 48 30 _ %6 18
5 0+ t5 t5

248 8 43 23 4T

9 27 21 27
76 %5 233 o4 209
7t 7 T7 u +1
176 176 1232 880 704 352
7 e Tw Tw Twm Tw
69 .53 M8 11 25
o th w T Tw
(2) Synthetic polynomial division
5 -1 #7106 41 2 -3 47
_1 4 U _e|_116
3 3 9 27,8
1 8 .1l L1
t3 5t | 7t
_5 _20 ' _5 _30 _80
3 3 : 9 2 81
4 ] 4 256 104
t3 ! t3 15 t7 o
_2 | 8 _2 _18 352
3 | 3 9 2 8l
|
1 .84 176 | 619 533 148 5
U 64 176 1 4 619 53 _18 oA
+4 T3 *5 +7|+1 o w tuw ta

(3) Convolution polynomial division
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(4) Convolution polynomial division (Separated ( ), pp

form

[+4] [ +3 1 +4
+5] | +1 +3 +&
-1 | =7 +1 +3 +52

| +7 | | 5 -7 +1 +3 ||+ ]

[—6] [—4 +5 -7 +17][ +2] [+2]
+1 +2 -4 +5 -7 || +4 +33
+2| = +2 -4 +5 || +2 |+ |-k
-3 +2 -4 |[+%2] +4

| +7 | | +2 | | +3E

(5) Convolution polynomial division (Template form)
[ +4 43 o+ o]
+5 +1 +4 o
- ]. _':'r + % o
+7 +5 +iF .
+1 42 . +3F
+j a o _ﬁ
-3 - : + I

|+ - . +
Given T T ? Fill-in

Comparing of those approaches in this typical example, we
found that the convolution polynomial division is much
simple and effective. The desired quotient and remainder
are readily determined without computing any
intermediate data as in the familiar classical longhand
polynomial division and synthetic polynomial division
[3,4].
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